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FLOPS AND THE S-DUALITY CONJECTURE
YUKINOBU TODA
To the memory of Kentaro Nagao
Abstract. We prove the transformation formula of Donaldson-Thomas
(DT) invariants counting two dimensional torsion sheaves on Calabi-Yau
3-folds under flops. The error term is described by the Dedekind eta
function and the Jacobi theta function, and our result gives evidence
of a 3-fold version of Vafa-Witten’s S-duality conjecture. As an appli-
cation, we prove a blow-up formula of DT type invariants on the total
spaces of canonical line bundles on smooth projective surfaces. It gives
an analogue of the similar blow-up formula in the original S-duality
conjecture by Yoshioka, Li-Qin and Go¨ttsche.
1. Introduction
1.1. Background and motivation. The purpose of this paper is to give
evidence of a 3-fold version of Vafa-Witten’s S-duality conjecture [VW94].
The original S-duality conjecture predicts the (at least almost) modularity
of the generating series of Euler characteristics of moduli spaces of stable
torsion free sheaves on algebraic surfaces. This is still an open problem, but
there exist several evidence, and we refer to [G0¨9] for the developments so far.
One of the important evidence is that the above generating series transform
under a blow-up at a point of a surface by a multiplication of a certain mod-
ular form. Such a blow-up formula was predicted by Vafa-Witten [VW94],
and proved by Yoshioka [Yos96], Li-Qin [LQ99] and Go¨ttsche [G9¨9].
Instead of stable torsion free sheaves on algebraic surfaces, we study
semistable pure two dimensional torsion sheaves on 3-folds and the gen-
erating series of their counting invariants. Let X be a smooth projective
Calabi-Yau 3-fold, i.e. KX = 0 and H
1(OX) = 0. For an ample divisor
ω on X and a cohomology class v ∈ H∗(X,Q), we have the (generalized)
Donaldson-Thomas (DT) invariant (cf. [Tho00], [JS12], [KS])
DTω(v) ∈ Q(1)
which virtually counts ω-semistable sheaves E ∈ Coh(X) satisfying v(E) =
v. Here v(E) is the Mukai vector 1 of E:
v(E) := ch(E) ·
√
tdX ∈ H∗(X,Q).
We are interested in the DT invariants (1) for the classes v of the form
v = (0, P,−β,−n) ∈ H0(X) ⊕H2(X)⊕H4(X)⊕H6(X).
1 Taking the Mukai vector, rather than the usual Chern character, is crucial for our
purpose. See Remark 3.19.
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Below we regard β, n as elements of H2(X), Q via Poincare´ duality. By
fixing P , we consider the generating series∑
β∈H2(X),n∈Q
DTω(0, P,−β,−n)qntβ.(2)
The sheaves which contribute to the series (2) are supported on two di-
mensional subschemes in X. The S-duality conjecture for our 3-fold X
claims that the series (2) satisfies (almost) modular transformation proper-
ties of Jacobi forms2. Such an expected modularity of the series (2) plays an
important role in [DM] to derive the Ooguri-Strominger-Vafa (OSV) con-
jecture [OSV04] in string theory. The OSV conjecture, which is not yet
formulated in a mathematically precise way, may be stated as a certain ap-
proximation between the series (2) for |P | ≫ 0 and the generating series of
Gromov-Witten invariants on X. The study of the S-duality conjecture for
the series (2) is an important subject toward a mathematical approach of
the OSV conjecture.
In general, computing the generating series (2) in concrete examples may
be more difficult than those which appear in the S-duality conjecture for
smooth surfaces, due to the possible singularities in the supports of two
dimensional sheaves on 3-folds. Nevertheless, we can ask how the generating
series (2) transforms under a birational transformation, and whether the
error term is described in terms of Jacobi forms or not. This is an important
process to check the validity of the S-duality conjecture for the series (2), as
well as the blow-up formula in [Yos96], [LQ99], [G9¨9] toward the S-duality
conjecture for surfaces.
1.2. Main result. Our main result shows that a variant of the generating
series (2) transforms under a flop by a multiplication of a certain mero-
morphic Jacobi form, which gives evidence of the 3-fold version of S-duality
conjecture. Let X be a smooth projective Calabi-Yau 3-fold which fits into
a flop diagram (cf. Definition 2.1)
(C ⊂ X)
f
φ
(X† ⊃ C†)
f†
(p ∈ Y ).
(3)
Here C,C† are exceptional loci of f , f † and f(C) = f(C†) = p. We assume
that C is an irreducible rational curve and let l be the scheme theoretic
length of f−1(p) at the generic point of C. For a fixed divisor class P ∈
H2(X) and an ample divisor ω on Y , we consider the generating series3
DTf∗ω(P ) :=
∑
β∈H2(X),n∈Q
DTf∗ω(0, P,−β,−n)qntβ.(4)
The following theorem, which will be proved in Subsection 3.7, is the main
result in this paper:
2We refer to [EZ85] for a basic of Jacobi forms.
3 The invariant DTf∗ω(v) counts f
∗ω-slope semistable sheaves E on X with v(E) = v,
which is well-defined although f∗ω is not ample.
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Theorem 1.1. There exist nj ∈ Z≥1 for 1 ≤ j ≤ l such that we have the
following formula:
DTf†∗ω(φ∗P ) = φ∗DTf∗ω(P )
·
l∏
j=1
{
ijP ·C−1η(q)−1ϑ1,1(q, ((−1)φ∗P t)jC†)
}jnjP ·C
.
Here φ∗ is the variable change (n, β) 7→ (n, φ∗β), η(q) is the Dedekind eta
function and ϑa,b(q, t) is the Jacobi theta function, given as follows:
η(q) = q
1
24
∏
k≥1
(1− qk), ϑa,b(q, t) =
∑
k∈Z
q
1
2(k+
a
2)
2
{(−1)bt}k+ a2 .(5)
Recall that η(q) is a modular form of weight 1/2, ϑ1,1(q, t) is a Jacobi
form of weight 1/2 and index 1/2. The result of Theorem 1.1 shows that
the series (4) transforms under a flop by a multiplication of a meromorphic
Jacobi form of weight 0 and index
∑l
j=1 j
3nj(P · C)/2. The integer nj
is defined to be the multiplicity of the Hilbert scheme on X at some one
dimensional subscheme in X with class j[C] (cf. Definition 2.3). It also
coincides with the genus zero Gopakumar-Vafa invariant with class j[C] in
the sense of [Kat08].
We will also prove some variants of Theorem 1.1: the Euler characteristic
version and a version with fixed supports. The former version is a flop
formula for DT type invariants without Behrend functions [Beh09]. Such
invariants are not deformation invariant, and the computation of the error
term of the flop formula is more subtle. We will give that version only in
the case of l = 1, while we don’t need the Calabi-Yau condition. The latter
version compares DT type invariants on X and X†, which count sheaves
supported on a fixed divisor S ⊂ X and its strict transform S† ⊂ X†
respectively. The above variants give interesting applications. For instance,
we give a blow-up formula of DT type invariants on canonical line bundles
on surfaces in Section 4. In the next paper [Todb], we also apply the result in
this paper to show the modularity of the generating series of Hilbert schemes
of points with An-type singularities.
1.3. Blow-up formula. As an application of a variant of Theorem 1.1, we
prove a blow-up formula for DT type invariants without Behrend functions
on canonical line bundles on surfaces, which gives an analogue of the similar
blow-up formula in the original S-duality conjecture [Yos96], [LQ99], [G9¨9].
Let S be a smooth projective surface and π : ωS → S the total space of the
canonical line bundle of S, which is a non-compact Calabi-Yau 3-fold. For
an ample divisor L on S and an element
(r, l, s) ∈ H0(S)⊕H2(S)⊕H4(S)
the invariant
DTχL(r, l, s) ∈ Q(6)
is defined to be (roughly speaking) the naive Euler characteristic of the
moduli space of L-semistable sheaves E ∈ Coh(ωS) supported on the zero
section of π such that the Chern character of π∗E coincides with (r, l, s).
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Let g : S† → S be a blow-up at a point in S with exceptional curve C† ⊂ S†.
The following result will be proved in Theorem 4.3:
Theorem 1.2. For fixed r ∈ Z≥1 and l ∈ H2(S), we have the following
formula:∑
s,a
DTχg∗L(r, g
∗l − aC†,−s)q r12+ a2+sta+ r2
=
∑
s
DTχL(r, l,−s)qs · η(q)−rϑ1,0(q, t)r.
It is easy to see that (cf. Example 4.4 for the rank two case) the error
term of the formula in Theorem 1.2 coincides with the error term in the
blow-up formula in the original S-duality conjecture [Yos96], [LQ99], [G9¨9].
The idea of the proof of Theorem 1.2 is as follows: we find a suitable flop
diagram (3) such that X, X† are compactifications of ωS , ωS† respectively.
Moreover the strict transform of the zero section S ⊂ ωS ⊂ X coincides with
the zero section S† ⊂ ωS† ⊂ X†. Then a variant of Theorem 1.1 compares
the invariants (6) on S and S†, which proves the result.
1.4. Sketch of the proof of Theorem 1.1. Here we give a rough sketch
of the proof of Theorem 1.1. Let f : X → Y be a 3-fold flopping contraction
as in Theorem 1.1. By Bridgeland [Bri02], there exist hearts of perverse
t-structures
pPer≤2(X/Y ) ⊂ Db Coh≤2(X)
for p = 0,−1. Here Coh≤2(X) is the category of torsion sheaves on X. We
introduce the f∗ω-slope stability on pPer≤2(X/Y ) (cf. Definition 2.11), and
construct another heart
pAµf∗ω ⊂ DbCoh≤2(X)
by a tilting of pPer≤2(X/Y ) determined by the f
∗ω-slope stability on it
and a choice of µ ∈ Q. Moreover we construct the abelian subcategory
(cf. Subsection 2.4)
pBµf∗ω ⊂ pAµf∗ω
which consists of objects in pAµf∗ω whose Chern characters satisfy a certain
linear equation. It has the following properties: first for a given element
v ∈ H∗(X), the set of objects in pBµf∗ω with Mukai vector v is bounded
(cf. Proposition 2.18). Hence we are able to define the completion of the
stack theoretic Hall algebra of pBµf∗ω, denoted by Ĥ(pBµf∗ω). Next we see
that the category pBµf∗ω contains any f∗ω-slope semistable two dimensional
sheaf on X with slope µ (cf. Lemma 2.15). Hence the moduli spaces of such
objects, which define the series (4), determine an element of Ĥ(pBµf∗ω).
For a flop diagram (3), there is an equivalence Φ between DbCoh(X)
and DbCoh(X†) by Bridgeland [Bri07]. The equivalence Φ restricts to an
equivalence between 0Bµf∗ω and −1Bµf†∗ω. Noting this fact, we construct the
generating series
pD̂Tf∗ω(P ) =
∑
β,n
pD̂Tf∗ω(0, P,−β,−n)qntβ(7)
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whose coefficients satisfy
0D̂Tf∗ω(v) =
−1D̂Tf†∗ω(Φ∗v).(8)
Here Φ∗ is the isomorphism between H
∗(X) and H∗(X†) induced by Φ,
which is described in Lemma 2.10.
In Proposition 3.7, we describe the relationship between moduli spaces
which define (4) and (7) in terms of the algebra Ĥ(pBµf∗ω). Together with
the integration map on the Lie algebra of virtual indecomposable objects
in Ĥ(pBµf∗ω) by [JS12], it enables us to describe the relationship between
the series (4) and (7). Combined with (8), we describe in Theorem 3.10
the relationship between the series φ∗DTf∗ω(P ) and DTf†∗ω(φ∗P ). The
error term is described in terms of DT type invariants counting one dimen-
sional semistable sheaves supported on the fibers of f † : X† → Y . It is also
described in terms of invariants counting parabolic stable pairs introduced
in [Tod14]. We compute the error term by using the deformation invariance
of these invariants (cf. Proposition 3.16). In proving the Euler characteris-
tic version of Theorem 1.1, we give a direct classification of parabolic stable
pairs when l = 1 (cf. Lemma 3.20).
1.5. Related works. A flop formula for DT type curve counting invariants
was obtained in the papers [HL12], [NN11], [Tod13b], [Cal]. Among them,
the papers [Tod13b], [Cal] (also see [Bri11]) use similar Hall algebra meth-
ods, but we need to work with the relevant abelian category pBµf∗ω which
did not appear in the above papers. On the other hand, there are few math-
ematical literatures in which DT invariants of the form DTω(0, P, β, n) are
studied. In [GSa], the modularity of these invariants is discussed for nodal
K3 fibrations using degeneration formula. In [Tod13a], [GST], some rela-
tionship between the invariants DTω(0, P, β, n) and DT type curve counting
invariants are studied. In [GSb], the invariant DTω(0, P, β, n) on local P
2 is
studied for small P . In physics literatures, a few of the D4 brane counting
which corresponds to the invariants of the form DTω(0, P, β, n) are com-
puted [GSY], [GY]. Also the flop formula of D4D2D0 bound states on the
resolved conifold is studied in [Nis], [NY] using Kontsevich-Soibelman’s wall-
crossing formula [KS]. The result of Theorem 1.1 is interpreted as a math-
ematical justification and a generalization of the arguments in the physics
articles [Nis], [NY].
1.6. Acknowledgment. This paper is dedicated to the memory of Kentaro
Nagao, who made significant contributions to the Donaldson-Thomas theory
and its relationship to flops, non-commutative algebras [NN11], [Nag13],
during his short life. I would like to thank the referees for reading the
manuscript carefully, and giving valuable comments. This work is supported
by World Premier International Research Center Initiative (WPI initiative),
MEXT, Japan. This work is also supported by Grant-in Aid for Scientific
Research grant (22684002) from the Ministry of Education, Culture, Sports,
Science and Technology, Japan.
1.7. Notation and convention. In this paper, all the varieties are defined
over C. For a d-dimensional variety X, we denote by H∗(X,Q) the even part
of the singular cohomologies of X, and write its element as (a0, a1, · · · , ad)
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for ai ∈ H2i(X,Q). We sometimes abbreviate Q and just write H2i(X,Q),
H2i(X,Q) as H
2i(X), H2i(X). For subschemes Z1, Z2 ⊂ X, the intersec-
tion Z1 ∩ Z2 ⊂ X always means the scheme theoretic intersection. For a
triangulated category D and a set of objects S in D, we denote by 〈S〉ex the
smallest extension closed subcategory in D which contains S. For a variety
X and a sheaf of (possibly non-commutative) algebras A on X, we denote
by Coh(A) the abelian category of coherent right A-modules on X, and
DbCoh(A) its bounded derived category. We write Coh(OX) as Coh(X)
as usual. For i ∈ Z, we denote by Coh≤i(A) ⊂ Coh(A) the subcategory
of objects E ∈ Coh(A) whose support Supp(E) as an OX-module satisfies
dimSupp(E) ≤ i. For E ∈ DbCoh(A), we denote by Hi(E) ∈ Coh(A) its
i-th cohomology.
2. Flops, perverse t-structures and their tilting
2.1. 3-fold flops. Let us recall the notion of flopping contractions and their
flops.
Definition 2.1. A projective birational morphism f : X → Y is called a
flopping contraction if f is isomorphic in codimension one, Y has only
Gorenstein singularities, and the relative Picard number of f equals to one.
A flop of a flopping contraction f : X → Y is a non-isomorphic birational
morphism φ : X 99K X† which fits into a commutative diagram
X
f
φ
X†
f†
Y
(9)
such that f † is also a flopping contraction.
It is known that a flop is unique if it exists, and any birational map
between minimal models is decomposed into a finite number of flops [Kaw08].
We say that f : X → Y is a 3-fold flopping contraction if f is a flopping
contraction and X is a smooth 3-fold. In this case, the exceptional locus C
of f is a tree of smooth rational curves
C = C1 ∪ · · · ∪ CN , Ci ∼= P1.(10)
If f † : X† → Y is a flop of f , the exceptional locus C† of f † is also a
tree of smooth rational curves C†i with 1 ≤ i ≤ N . A projective line on
a smooth 3-fold is called (a, b)-curve if its normal bundle is isomorphic to
OP1(a) ⊕ OP1(b). It is well-known (cf. [Rei, Section 5]) that each Ci is an
(a, b)-curve for either (a, b) = (−1,−1), (0,−2) or (1,−3).
Example 2.2. Let Y ⊂ C4 be the 3-fold singularity, given by
Y = {xy + z2 − w2n = 0 : (x, y, z, w) ∈ C4}.(11)
Then there is a flop diagram (9), where f , f † are blow-ups at the ideals
I = (x, z − wn) ⊂ OY , I† = (x, z + wn) ⊂ OY
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respectively. Both of the exceptional loci C, C† of f , f † are (−1,−1)-curves
if n = 1, and (0,−2)-curves otherwise. By [Rei, Section 5], the birational
map φ is obtained as a Pagoda diagram
X
f1← X1 f2← · · · fn−1← Xn−1 fn← Xn f
†
n→ X†n−1
f†n−1→ · · · f
†
2→ X†1
f†1→ X†.(12)
Here fi, f
†
i for 1 ≤ i ≤ n− 1 are blow-ups at (0,−2)-curves, and fn, f †n are
blow-ups at (−1,−1)-curves.
Let f : X → Y be a 3-fold flopping contraction whose exceptional locus is
an irreducible rational curve C ⊂ X. We denote by l the length of Of−1(p) at
the generic point of C, where p = f(C) and f−1(p) is the scheme theoretic
fiber of f at p. Then we have
l ∈ {1, 2, 3, 4, 5, 6}
and l = 1 if and only if C is not a (1,−3)-curve (cf. [KM92, Section 1]).
Moreover if l = 1, then ÔY,p is isomorphic to the completion of the singular-
ity (11) for some n ∈ Z≥1 at the origin (cf. [Rei, Remark 5.3 (b)]). In this
case, the integer n is called the width of C.
Let p ∈ S ⊂ Y be a general hyperplane, and S ⊂ X its proper transform.
Then we have C ⊂ S. Let I ⊂ OS be the ideal sheaf of C. For 1 ≤ j ≤ l, we
have the subscheme C(j) ⊂ S whose structure sheaf is given by (OS/Ij)/Q,
where Q is the maximum zero dimensonal subsheaf of OS/Ij . Let Hilb(X)
be the Hilbert scheme of subschemes in X. In [BKL01, Section 2.1], it is
shown that C(j) is the isolated point in Hilb(X), and the following number
is defined:
Definition 2.3. For 1 ≤ j ≤ l, we define nj ∈ Z≥1 to be
nj := lengthOHilb(X),C(j) .
By convention, we define nj = 0 for j > l.
Since OHilb(X),C(j) is a finitely generated Artinian C-algebra, the length
of OHilb(X),C(j) is well-defined. If l = 1, the number n1 equals to the width
n. In general, the number nj appears in the context of deformations in the
following way. Let us consider the following completion:
f̂ : X̂ := X ×Y Spec ÔY,p → Ŷ := Spec ÔY,p.(13)
By [BKL01, Section 2.1], there exists a flat deformation
X̂ h Ŷ
∆
(14)
where ∆ is a Zariski open neighborhood of 0 ∈ A1 such that h0 : X̂0 → Ŷ0 is
isomorphic to f̂ , and ht : X̂t → Ŷt for t ∈ ∆ \ {0} is a flopping contraction
whose exceptional locus is a disjoint union of (−1,−1)-curves. Then the
number nj coincides with the number of ht-exceptional (−1,−1)-curves C ′ ⊂
X̂t for t 6= 0 whose class is j[C ′], i.e. for any line bundle L on X̂ , we have
deg(L|C′) = j deg(L|C)
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where we regard C as a curve on the central fiber of X̂ → ∆. In what
follows, we write the exceptional locus of ht for t 6= 0 as
Cj,k ⊂ X̂t, 1 ≤ j ≤ l, 1 ≤ k ≤ nj
where Cj,k is a (−1,−1)-curve with class j[C].
2.2. Perverse t-structures. Let f : X → Y be a 3-fold flopping contrac-
tion. In this situation, Bridgeland [Bri02, Section 3] associates the subcate-
gories pPer(X/Y ) ⊂ DbCoh(X) for p = 0,−1 as follows:
Definition 2.4. We define pPer(X/Y ) ⊂ DbCoh(X) for p = 0,−1 to be
pPer(X/Y ) :=
{
E ∈ DbCoh(X) : Rf∗E ∈ Coh(Y )
Hom<−p(E, C) = Hom<p(C, E) = 0
}
.
Here C := {F ∈ Coh(X) : Rf∗F = 0}.
We also define pPer≤i(X/Y ) to be
pPer≤i(X/Y ) := {E ∈ pPer(X/Y ) : Rf∗E ∈ Coh≤i(Y )}.
It is proved in [Bri02, Section 3] that pPer(X/Y ) are the hearts of bounded
t-structures on the category DbCoh(X). Similarly for i > 0, the categories
pPer≤i(X/Y ) are the hearts of bounded t-structures on D
b Coh≤i(X), hence
they are abelian categories. This fact immediately follows from the argument
of [Bri02, Section 3], noting that C ⊂ Db Coh≤i(X) for i > 0 and Rf∗ takes
DbCoh≤i(X) to D
b Coh≤i(Y ).
Let us consider the i = 0 case. In this case, pPer0(X/Y ) :=
pPer≤0(X/Y )
is not a subcategory of DbCoh≤0(X). Instead, we consider the derived
category of the following abelian category
Coh0(X/Y ) := {F ∈ Coh≤1(X) : f∗F ∈ Coh≤0(F )}.
We set
pT := pPer0(X/Y ) ∩ Coh(X), pF := pPer0(X/Y )[−1] ∩ Coh(X).(15)
By [dB04], the pairs of categories (pT , pF) form torsion pairs (cf. [HRS96])
of Coh0(X/Y ) such that
pPer0(X/Y ) is the associated tilting:
pPer0(X/Y ) = 〈pF [1], pT 〉ex.(16)
In particular, the categories pPer0(X/Y ) are the hearts of bounded t-structures
on Db Coh0(X/Y ). The torsion pairs (
pT , pF) are also described in terms
of semistable sheaves. For F ∈ Coh0(X/Y ) and an ample divisor H on X,
we set
µH(F ) :=
ch3(F )
ch2(F ) ·H .(17)
Here µH(F ) is set to be ∞ if the denominator is zero. The above slope
function defines the µH -stability on Coh0(X/Y ) in the usual way.
Lemma 2.5. We have the following descriptions of pF :
0F = 〈E ∈ Coh0(X/Y ) : E is µH-semistable with µH(E) < 0〉ex
−1F = 〈E ∈ Coh0(X/Y ) : E is µH-semistable with µH(E) ≤ 0〉ex.
FLOPS AND THE S-DUALITY CONJECTURE 9
Proof. The result essentially follows from [Tod08a, Proposition 5.2 (iii)].
For simplicity, suppose that p = 0. For B + iH ∈ H2(X,C) and F ∈
DbCoh0(X/Y ), we set
ZB,H(F ) := − ch3(F ) + (B + iH) ch2(F ).
Then by [Tod08a, Proposition 5.2 (iii)], the pair
σ0 := (Z−δH,0,
0Per0(X/Y )), 0 < δ ≪ 1
determines a Bridgeland stability condition [Bri07] on DbCoh0(X/Y ). Note
that Z−δH,0(F ) for any non-zero F ∈ 0Per0(X/Y ) is contained in R<0.
Moreover the pair
σt := (Z−δH,tH ,Coh0(X/Y )), 0 < t≪ 1
gives a small deformation of σ0 in the space of Bridgeland stability conditions
on Db Coh0(X/Y ). Let Pt(φ) ⊂ DbCoh0(X/Y ) be the full subcategory for
each φ ∈ R, which gives the slicing in the sense of [Bri07] corresponding to
σt. Let us take E ∈ Pt(φ) with 1/2 < φ ≤ 1. We have E ∈ Coh0(X/Y ),
and there is an exact sequence
0→ T → E → F → 0
with T ∈ 0T and F ∈ 0F . Since F [1] ∈ 0Per0(X/Y ) ∩ (Coh0(X/Y )[1]), it
follows that argZ−δH,tH (F ) ∈ (0, π/2). Hence the Z−δH,tH -semistability of
E yields F = 0, i.e. E ∈ 0T . This implies that, in the notation of [Bri07], we
have Pt(1/2, 1] ⊂ 0T , and a similar argument also shows that Pt(0, 1/2) ⊂
0F . Since both of (0T , 0F) and (Pt(1/2, 1],Pt(0, 1/2)) are torsion pairs of
Coh0(X/Y ), they must coincide. Note that an object E ∈ Coh0(X/Y ) is
contained in Pt(φ) for 0 < φ < 1/2 and 0 < t ≪ 1 if and only if E is
µH -semistable with µH(E) < −δ. Since we can take δ > 0 arbitrary close
to zero, we obtain the result. 
Let φ : X 99K X† be the flop of f . By [Bri02], there is an equivalence
Φ: Db Coh(X)
∼→ DbCoh(X†)(18)
which takes 0Per(X/Y ) to −1Per(X†/Y ). Furthermore the equivalence Φ is
given by the Fourier-Mukai functor with kernel OX×Y X† (cf. [Che02]), hence
Φ also takes DbCoh≤i(X) to D
bCoh≤i(X
†) for i > 0 and 0Per≤i(X/Y ) to
−1Per≤i(X
†/Y ) for i ≥ 0.
Lemma 2.6. We have Φ(OX) ∼= OX† .
Proof. The objectOX ∈ 0Per(X/Y ) is a local projective object in 0Per(X/Y )
by [dB04, Lemma 3.2.4], hence Φ(OX) ∈ −1Per(X†/Y ) is a local projective
object. By [dB04, Proposition 3.2.6], the object Φ(OX) must be a line
bundle, hence it must be isomorphic to OX† . 
The abelian categories pPer(X/Y ) are also related to sheaves of non-
commutative algebras. By [dB04], there are vector bundles pE on X which
admit equivalences
pΦ := Rf∗RHom(pE , ∗) : DbCoh(X) ∼→ DbCoh(pAY )(19)
where pAY := f∗End(pE) are sheaves of non-commutative algebras on Y . The
equivalence Φ restrict to equivalences between pPer(X/Y ) and Coh(pAY ).
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2.3. Induced morphism on cohomologies. For an object E ∈ DbCoh(X),
its Mukai vector is defined by
v(E) := ch(E) ·
√
tdX ∈ H∗(X).
The H2i(X)-component of v(E) is denoted by vi(E). Let Φ be the derived
equivalence (18). By the Grothendieck Riemann-Roch theorem, there is a
commutative diagram ([Ca˘l05, Section 2.3])
DbCoh(X)
Φ
v
DbCoh(X†)
v
H∗(X,Q)
Φ∗
H∗(X†,Q).
(20)
Here Φ∗ is defined by the correspondence v(OX×Y X†). The map Φ∗ is an iso-
morphism, which does not preserve the grading. However since v(OX×Y X†)
is written as
v(OX×Y X†) = [X ×Y X†] + (elements in H≥7(X ×X†)),
the map Φ∗ takes H
≥i(X) to H≥i(X†) for any i ∈ Z. Therefore Φ∗ induces
the graded isomorphism⊕
i∈Z
H≥i(X)/H≥i+1(X)
∼→
⊕
i∈Z
H≥i(X†)/H≥i+1(X†).(21)
We denote by φ∗ : H
∗(X)
∼=→ H∗(X†) the graded isomorphism (21). The
isomorphism φ∗ is given by the correspondence [X ×Y X†].
We set Γ to be
Γ := Im
(
v(∗) : DbCoh≤2(X)→ H≥2(X,Q)
)
.
We identify H4(X),H6(X) with H2(X),H0(X) ∼= Q via Poincare´ duality
respectively. We write an element of Γ as (P, β, n) for P ∈ H2(X), β ∈
H2(X) and n ∈ Q. Let H2(X/Y ) be the kernel of
f∗ : H2(X)→ H2(Y ).
We use the following description of the action of Φ∗ on Γ:
Lemma 2.7. There exist linear maps
ψ1 : H
2(X)→ H2(X/Y ), ψ0 : H2(X)→ Q
such that we have
Φ∗(P, β, n) = (φ∗P, φ∗β + ψ1(P ), n + ψ0(P ))(22)
for any (P, β, n) ∈ Γ.
Proof. The result follows from [Tod08a, Proposition 5.2]. The precise de-
scriptions of ψ0 and ψ1 will be given in Lemma 2.9 below. 
For β ∈ H2(X), we write β > 0 if β is a numerical class of a non-zero
effective one cycle on X. We have the following lemma:
Lemma 2.8. For any divisor class P ∈ H2(X) and curve class β ∈ H2(X),
we have P · β = φ∗P · φ∗β. In particular, β ∈ H2(X/Y ) satisfies β > 0 if
and only if φ∗β < 0 in H2(X
†/Y ).
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Proof. Let us take E ∈ Coh≤2(X) and F ∈ Coh≤1(X). Since Φ is an
equivalence, we have χ(E,F ) = χ(Φ(E),Φ(F )). By the Riemann-Roch
theorem, the LHS coincides with − ch1(E) · ch2(F ). By Lemma 2.7, the
RHS coincides with −φ∗ ch1(E) ·φ∗ ch2(F ). Hence the result follows. As for
the second statement, let P be an f -ample divisor. Then for β ∈ H2(X/Y ),
we have β > 0 if and only if P ·β > 0, since f is a flopping contraction. Since
−φ∗P is f †-ample, the equality P · β = φ∗P · φ∗β implies that φ∗β < 0. 
In the following lemma, we give some more precise descriptions of ψ0, ψ1:
Lemma 2.9. There exists a ∈ Q such that we have ψ1(P ) = a(P · C1)C†1
and
ψ0(P ) =
1
24
(
c2(X) − φ−1∗ c2(X†)
)
P(23)
for any divisor class P .
Proof. Obviously ψi(f
∗D) = 0 for any Cartier divisor D on Y . Hence we can
write ψ1(P ) = a(P ·C1)C†1 and ψ0(P ) = b(P ·C1) for some a, b ∈ Q. Here we
have used that every Ci is numerically proportional to C1 by the definition
of a flopping contraction. In order to obtain (23), it is enough to prove this
for P = [S] for any irreducible divisor S ⊂ X. Since Φ(OX) = OX† by
Lemma 2.6, we have χ(OX ,OS) = χ(OX† ,Φ(OS)). By the Riemann-Roch
theorem, we have
χ(OX ,OS) = P
3
6
+
c2(X)
12
P.(24)
On the other hand, the commutative diagram (20) implies
v(Φ(OS)) =
(
φ∗P,−φ∗P
2
2
,
P 3
6
+
c2(X)
24
P + ψ0(P )
)
.
Using the Riemann-Roch theorem again, we obtain
χ(OX† ,Φ(OS)) =
P 3
6
+
c2(X)
24
P + ψ0(P ) +
c2(X
†)
24
φ∗P.(25)
Comparing (24) with (25), and using Lemma 2.8, we obtain (23). 
If the exceptional locus of f is an irreducible rational curve, the linear
maps ψ0, ψ1 are described using the integers n1, · · · , nl in Subsection 2.1.
Proposition 2.10. Suppose that the exceptional locus C of f is an irre-
ducible rational curve. Then we have
ψ0(P ) = − 1
12
l∑
j=1
jnj(P · C), ψ1(P ) = −1
2
l∑
j=1
j2nj(P · C)C†.
Proof. It is enough to prove the claim for one divisor class P with P ·C 6= 0.
We first prove the claim in the case that C is a (−1,−1)-curve and there is a
smooth surface S ⊂ X such that S ∩C consists of a reduced one point, e.g.
a suitable compactification of a flopping contraction in Example 2.2 with
n = 1. In this case, l = n1 = 1, and the flop φ is obtained as
X
g← Z g
†
→ X†
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where g, g† are blow-ups at C, C† respectively. Let E be the exceptional
locus of g, which is isomorphic to P1×P1. Let l1, l2 be the lines in E which
are contracted to points by g, g† respectively. By the blow-up formula of
Chern classes (cf. [Ful]), we have
c2(Z) = g
∗c2(X) + l2 − l1 = g†∗c2(X†) + l1 − l2
which shows c2(X) − φ−1∗ c2(X†) = −2C. By (23), we obtain the desired
formula for ψ0 in this case. On the other hand, since the equivalence Φ
coincides with Rg†∗ ◦ g∗ in this case, we have Φ(OS) ∼= OS† , where S† is the
strict transform of S. The commutative diagram (20) shows that
ψ1(S) =
1
2
φ∗(S
2)− 1
2
S†2.
By the base point free theorem for f : X → Y , there is a divisor S′ on X
which is linearly equivalent to S such that S′ ∩ C consists of a reduced one
point which is different from S∩C. The intersection S†∩S′† contains C† as
a connected component, which is reduced. Hence we have S†2−φ∗(S2) = C,
and we obtain the desired formula for ψ1 in this case.
Next we prove the general case. Let S ⊂ X be an irreducible divisor
which is sufficiently ample and does not contain C. We have
Φ(OS) ∼= RpX†∗
(OS×Y X†)
which is a sheaf since S×Y X† → X† is finite onto its image. Here pX† is the
projection from X×Y X† to X†. Let F be the sheaf obtained as the cokernel
of the natural injection OS† → pX†∗OS×YX† . Note that F is supported on
C†, and it depends only on the pair (S,X) restricted to the completion (13).
Using (22), (23) and noting ch3(F ) = χ(F ), we obtain
ψ0(S) =
1
12
S†3 − 1
12
S3 +
1
2
χ(F )(26)
ψ1(S) =
1
2
φ∗(S
2)− 1
2
S†2 + [F ].
Let S′ ⊂ X be another divisor which is linearly equivalent to S and does not
contain C. We can take S′ so that S∩S′∩C = ∅. Then we have S′†2−φ∗S2 =
cC†, where c is the length of S†∩S′† at the generic point of C, and S†3−S3 =
−c(S · C) by Lemma 2.8. Hence ψi(S) depends only on the data (S, S′,X)
restricted to the completion X̂, denoted by (Ŝ, Ŝ′, X̂). In particular, the
result holds for any 3-fold flopping contraction which contracts a (−1,−1)-
curve to a point.
Let h : X̂ → Ŷ be a deformation as in (14), and take its flop h† : X̂ † → Ŷ.
Since H2(OX̂) = 0, by shrinking ∆ if necessary, the divisors Ŝ, Ŝ′ deform to
h-ample divisors Ŝ, Ŝ ′ ⊂ X̂ which are flat over ∆. Let F be the sheaf on X̂ †
obtained as the cokernel of the injection O
X̂ †
→ p
X̂ †∗
O
Ŝ×
Ŷ
X̂ †
, where p
X̂ †
is the projection from X̂ ×
Ŷ
X̂ † to X̂ †. The sheaf F is a flat deformation
of F , and for t ∈ ∆ \ {0} the restriction Ft = F|Xt decomposes into the
direct sum of Ft,k,j where Ft,k,j is supported on C†k,j. Also let Ŝ†, Ŝ
′† ⊂ X̂ †
be the strict transforms of Ŝ, Ŝ ′ respectively. The intersection Ŝ† ∩ Ŝ ′† is
a flat deformation of Ŝ ∩ Ŝ′. For t ∈ ∆ \ {0}, the fundamental cycle of
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(Ŝ† ∩ Ŝ ′†)t = Ŝ†t ∩ Ŝ
′†
t is written as
∑
j,k cj,kC
†
j,k for some cj,k ∈ Z≥0. By
(26), the result for the (−1,−1)-flopping contractions shows that
− 1
12
cj,k(Ŝt · Cj,k) + 1
2
χ(Ft,j,k) = − 1
12
(Ŝt · Cj,k)
− 1
2
cj,kC
†
j,k + [Ft,j,k] = −
1
2
(Ŝt · Cj,k)C†j,k.
Note that c =
∑
j,k jcj,k, [F ] =
∑
j,k[Ft,j,k], [Cj,k] = j[C] and [C†j,k] = j[C†].
By taking the sum for all k, j, we obtain the desired formula for ψ0, ψ1. 
2.4. Tilting via slope stability conditions. Let X be a smooth projec-
tive 3-fold and f : X → Y a flopping contraction. Let LY be an ample line
bundle on Y with first Chern class ω. We consider the f∗ω-slope stability
conditions on Coh≤2(X) and
pPer≤2(X/Y ) based on the slope stability con-
ditions for torsion sheaves in [HL97, Definition 1.6.8] which use µˆ for the
notation of slope. Namely for E ∈ DbCoh≤2(X), its Hilbert polynomial is
written as
χ(E ⊗ f∗L⊗mY ) = α2,f∗ω(E)m2/2 + α1,f∗ω(E)m+ α0,f∗ω(E)
with αi,f∗ω(E) ∈ Q. Moreover α2,f∗ω(E) is a positive integer if E is a two
dimensional sheaf outside a codimension two subset in X. We set
µˆf∗ω(E) :=
α1,f∗ω(E)
α2,f∗ω(E)
∈ Q ∪ {∞}.
Here we set µˆf∗ω(E) =∞ if the denominator is zero. By the Riemann-Roch
theorem, µˆf∗ω(E) is written as
µˆf∗ω(E) =
(ch2(E) + c1(X) ch1(E)/2)f
∗ω
ch1(E)f∗ω2
.(27)
The slope function µˆf∗ω satisfies the week see-saw property on Coh≤2(X)
and pPer≤2(X/Y ), i.e. if there is an exact sequence 0 → F → E → G → 0
in Coh≤2(X) or
pPer≤2(X/Y ), we have either
µˆf∗ω(F ) ≥ µˆf∗ω(E) ≥ µˆf∗ω(G) or
µˆf∗ω(F ) ≤ µˆf∗ω(E) ≤ µˆf∗ω(G).
Hence the slope function µˆf∗ω defines weak stability conditions on Coh≤2(X)
and pPer≤2(X/Y ):
Definition 2.11. An object E ∈ Coh≤2(X) (resp. pPer≤2(X/Y )) is µˆf∗ω-
(semi)stable if for any exact sequence 0 → F → E → G → 0 in Coh≤2(X)
(resp. pPer≤2(X/Y )), we have the inequality
µˆf∗ω(F ) < (≤)µˆf∗ω(G).
Remark 2.12. If E ∈ Coh≤2(X) is scheme theoretically supported on a
smooth surface S ⊂ X with f∗ω|S ample, then E is µˆf∗ω-(semi)stable if and
only if it is a torsion free f∗ω|S-slope (semi)stable sheaf on S in the classical
sense.
14 YUKINOBU TODA
Remark 2.13. In general f∗ω is not ample on a support of a two dimen-
sional sheaf, so we need to take a little care in dealing with some proper-
ties of µˆf∗ω-stability. The existence of Harder-Narasimhan filtrations fol-
lows from a standard argument (say, using the same argument of [Tod13c,
Lemma 3.6]). The boundedness of µˆf∗ω-semistable objects will follow from
Lemma 2.15 and Proposition 2.18 below.
For µ ∈ Q, let (pT µf∗ω, pFµf∗ω) be the pair of subcategories in pPer≤2(X/Y )
given as follows:
pT µf∗ω := 〈E ∈ pPer≤2(X/Y ) : E is µˆf∗ω-semistable with µˆf∗ω(E) > µ〉ex
pFµf∗ω := 〈E ∈ pPer≤2(X/Y ) : E is µˆf∗ω-semistable with µˆf∗ω(E) ≤ µ〉ex.
By the existence of Harder-Narasimhan filtrations in pPer≤2(X/Y ), the pair
of subcategories (pT µf∗ω, pFµf∗ω) forms a torsion pair on pPer≤2(X/Y ). The
associated (shifted) tilting is given by
pAµf∗ω := 〈pFµf∗ω, pT µf∗ω[−1]〉ex ⊂ DbCoh≤2(X).
By a general theory of tilting, pAµf∗ω is the heart of a bounded t-structure
on DbCoh≤2(X). By the construction, any object E ∈ pAµf∗ω satisfies the
inequality
α1,f∗ω(E)− µ · α2,f∗ω(E) ≤ 0.
Hence the category
pBµf∗ω := {E ∈ pAµf∗ω : α1,f∗ω(E) − µ · α2,f∗ω(E) = 0}
is an abelian subcategory of pAµf∗ω. Note that pBµf∗ω is written as
pBµf∗ω =
〈
F, pPer0(X/Y )[−1] : F ∈
pPer≤2(X/Y ) is µˆf∗ω-semistable
with µˆf∗ω(F ) = µ
〉
ex
.
Let Φ be the equivalence given by (18). We have the following lemma:
Lemma 2.14. The equivalence Φ restricts to an equivalence Φ: 0Bµf∗ω ∼→
−1Bµf†∗ω.
Proof. By Lemma 2.7 and (27), we have µˆf∗ω(E) = µˆf†∗ω(Φ(E)) for any
object E ∈ 0Per≤2(X/Y ). Therefore the result is obvious. 
2.5. Some properties of pBµf∗ω. This subsection is devoted to showing
some properties of the abelian category pBµf∗ω. We first prove that it contains
any µˆf∗ω-semistable sheaf with slope µ. We define the category Cµf∗ω to be
Cµf∗ω := {E ∈ Coh≤2(X) : E is µˆf∗ω-semistable with µˆf∗ω(E) = µ}.(28)
We have the following lemma:
Lemma 2.15. We have Cµf∗ω ⊂ pBµf∗ω.
Proof. Let us take an object E ∈ Cµf∗ω. Since pPer(X/Y ) is a tilting of
Coh(X) by [dB04], we have the distinguished triangle
H0p(E)→ E → H1p(E)[−1](29)
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where Hip(E) ∈ pPer≤2(X/Y ) is the i-th cohomology of E with respect to
the t-structure on DbCoh≤2(X) with heart
pPer≤2(X/Y ). Applying Rf∗,
we obtain the distinguished triangle in Db Coh≤2(Y )
Rf∗H0p(E)→ Rf∗E → Rf∗H1p(E)[−1].
Since Rf∗ takes
pPer≤2(X/Y ) to Coh≤2(Y ), we have Rf∗H1p(E) ∼= R1f∗E,
and it is a zero dimensional sheaf. Hence H1p(E) ∈ pPer0(X/Y ), and it
remains to show that H0p(E) is a µˆf∗ω-semistable object in pPer≤2(X/Y ).
It is enough to check that Hom(F,H0p(E)) = 0 for any F ∈ pPer≤1(X/Y ).
This follows from (29) and the distinguished triangle
H−1(F )[1]→ F →H0(F )
with Hi(F ) ∈ Coh≤1(X), together with the fact that E is a pure two di-
mensional sheaf. 
We next show that any object in pBµf∗ω admits a certain filtration, which
plays an important role in the proof of Theorem 1.1. Let (pT , pF) be the
torsion pair of Coh0(X/Y ) as in (15). We have the following proposition:
Proposition 2.16. For any E ∈ pBµf∗ω, there exists a filtration
0 = E0 ⊂ E1 ⊂ E2 ⊂ E3 = E(30)
such that Fi = Ei/Ei−1 satisfy F1 ∈ pF , F2 ∈ Cµf∗ω and F3 ∈ pT [−1].
Proof. By (16), we may assume that E /∈ 0Per0(X/Y )[−1]. We have the
exact sequence in pBµf∗ω
0→ F → E → T [−1]→ 0
such that F ∈ pPer≤2(X/Y ) is µˆf∗ω-semistable with µˆf∗ω(F ) = µ and
T ∈ pPer0(X/Y ). By (16), we also have the exact sequence in pBµf∗ω
0→ F ′ → T [−1]→ T ′[−1]→ 0
with F ′ ∈ pF and T ′[−1] ∈ pT [−1]. Combining the above two exact se-
quences, we have the subobject E2 ⊂ E in pBµf∗ω with E/E2 ∈ pT [−1]
which fits into the exact sequence
0→ F → E2 → F ′ → 0(31)
in pBµf∗ω. Note that the µˆf∗ω-semistability of F implies that F ∈ Coh≤2(X),
hence E2 ∈ Coh≤2(X). We set E1 ⊂ E2 to be the maximal one dimensional
subsheaf of E2. Note that E2/E1 is a pure two dimensional sheaf, hence it
is an object in Cµf∗ω. It is enough to show that E1 ∈ pF . Applying pΦ in
(19) to (31), we obtain the distinguished triangle in DbCoh(pAY )
pΦ(F )→ pΦ(E2)→ pΦ(F ′).
Here pΦ(F ) ∈ Coh≤2(pAY ) and pΦ(F ′) ∈ Coh0(pAY )[−1]. In particular,
we have H0(pΦ(E2)) = pΦ(F ), which is pure two dimensional by the µˆf∗ω-
stability of F . Because there is an injection H0 pΦ(E1) →֒ H0 pΦ(E2) in
Coh(pAY ), we have H0 pΦ(E1) = 0, hence pΦ(E1) ∈ Coh0(pAY )[−1]. This
implies that E1 ∈ pF . 
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The filtration in the above proposition may be interpreted as a Harder-
Narasimhan filtration with respect to a certain weak stability condition on
pBµf∗ω in [Tod10]. Indeed, we have the following lemma:
Lemma 2.17. If we set C1 = pF , C2 = Cµf∗ω and C3 = pT [−1], we have
Hom(Ci, Cj) = 0 for i < j. In particular, the filtration (30) is unique up to
an isomorphism.
Proof. The result is obvious from the definition of Ci. 
Finally we show the boundedness of the set of objects in pBµf∗ω with a
fixed Mukai vector. We define pΓµf∗ω to be
pΓµf∗ω := Im
(
v(∗) : pBµf∗ω → Γ
)
.
Proposition 2.18. For any v ∈ pΓµf∗ω, the set of objects E ∈ pBµf∗ω with
v(E) = v is bounded.
Proof. We write v = (P, β, n). If P = 0, we have E ∈ pPer0(X/Y )[−1]
and the result follows since pPer0(X/Y ) is the extension closure of Ox for
x ∈ X \Ex(f) and a finite number of sheaves up to shift supported on Ex(f)
(cf. [dB04]). Hence we may assume that P is a non-zero class of an effective
divisor in X. For E ∈ pBµf∗ω with v(E) = v, there exists an exact sequence
in pBµf∗ω
0→ F → E → T [−1]→ 0
such that F is a µˆf∗ω-semistable object in
pPer≤2(X/Y ), and T is an object
in pPer0(X/Y ). Applying the equivalence
pΦ in (19) and forgetting the pAY -
module structures, we obtain the distinguished triangle in DbCoh≤2(Y )
pΦ(F )→ pΦ(E)→ pΦ(T )[−1].(32)
Here pΦ(T ) is a zero dimensional sheaf on Y , and pΦ(F ) is a sheaf on Y
which is pure two dimensional by the µˆf∗ω-semistability of F .
For M ∈ Coh≤2(Y ), its Hilbert polynomial is written as
χ(M ⊗ L⊗mY ) = α2,ω(M)m2/2 + α1,ω(M)m+ α0,ω(M)
for αi,ω(M) ∈ Q. It defines the µˆω-stability on Coh≤2(Y ) by setting µˆω(M) =
α1,ω(M)/α2,ω(M) as in Subsection 2.4. Let µˆ
max
ω (M) be the maximal µˆω-
slope among the Harder-Narasimhan factors of M ∈ Coh≤2(Y ) with respect
to the µˆω-stability. For a fixed v, we claim that the set
{µˆmaxω (pΦ(F )) : E ∈ pBµf∗ω, v(E) = v} ⊂ Q(33)
is bounded above. For simplicity, we prove the claim only for the case
of p = 0. The case of p = −1 is similarly proved. We need to recall a
construction of the vector bundle 0E on X which gives an equivalence (19).
Let LX be a globally generated ample line bundle on X. By replacing LY
with L⊗kY for k ≫ 0, we may assume that there is a surjection of sheaves
(L∨Y )⊕m ։ R1f∗L∨X for some m > 0. Taking the adjunction, we obtain the
exact sequence of vector bundles
0→ L∨X → 0E ′ → f∗(L∨Y )⊕m → 0.
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Then 0E is given by OX ⊕ 0E ′. By the above construction of 0E , an upper
bound of µˆmaxω (
pΦ(F )) is obtained if we give upper bounds of µˆmaxω (Rf∗F )
and µˆmaxω (f∗(F ⊗ LX)), where f∗(F ⊗ LX) := H0Rf∗(F ⊗LX).
Because F ∈ 0Per≤2(X/Y ) is µˆf∗ω-semistable, Rf∗F is a µˆω-semistable
sheaf on Y . Hence µˆmaxω (Rf∗F ) = µˆω(Rf∗F ) = µˆf∗ω(E) which is constant.
As for f∗(F ⊗LX), let F ′ ∈ Coh≤2(Y ) be the µˆω-semistable factor of f∗(F ⊗
LX) such that µˆmaxω (f∗(F ⊗ LX)) = µˆω(F ′). Since Rf∗F is µˆω-semistable,
we have the inequality
µˆω(F
′ ⊗ f∗L−1X ) ≤ µˆω(Rf∗F )
which implies that
µˆω(F
′) ≤ µˆf∗ω(E) + [F
′]f∗c1(LX)ω
[F ′]ω2
.
Here [F ′] ∈ H2(Y ) is the fundamental class of F ′. Since [F ′] has only a
finite number of possibilities, it follows that µˆω(F
′) is bounded above.
By the upper boundedness of (33), the result of Langer [Lan04, Theo-
rem 4.4], [Lan09, Theorem 3.8] shows that α0,ω(
pΦ(F )) is bounded above.
Because α0,ω(
pΦ(T )) is non-negative and
α0,ω(
pΦ(F ))− α0,ω(pΦ(T )) = α0,ω(pΦ(E))
is constant, the set
{(α0,ω(pΦ(F )), α0,ω(pΦ(T ))) : E ∈ pBµf∗ω, v(E) = v}
is a finite set. Again by [Lan04, Theorem 4.4], [Lan09, Theorem 3.8], and
noting that pΦ(T ) is a zero dimensional sheaf with bounded length, the set
of objects
{pΦ(F ), pΦ(T ) : E ∈ pBµf∗ω, v(E) = v}(34)
is bounded as OY -modules. Now for M ∈ Coh≤2(Y ), the set of pAY -module
structures onM is contained in the set of morphisms pAY → End(M), which
is finite dimensional. Therefore the set of objects (34) is bounded also as
pAY -modules. By the distinguished triangle (32), the set of objects
pΦ(E)
for E ∈ pBf∗ω with v(E) = v is also bounded as pAY -modules, hence so is
the set of such E as pΦ gives an equivalence (19). 
The following corollary is immediate from the above proposition:
Corollary 2.19. For any 0 6= v ∈ pΓµf∗ω, there is only a finite number of
ways to decompose v into v1 + · · ·+ vl for some l ≥ 1 and 0 6= vi ∈ pΓµf∗ω.
3. Flop formula of Donaldson-Thomas type invariants
This section is devoted to proving Theorem 1.1. In this section, we always
assume that f : X → Y is a 3-fold flopping contraction with X,Y projective,
and ω is an ample divisor on Y . We use the notation of the flop diagram
(9).
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3.1. Hall algebras. LetM be the moduli stack of objects E ∈ DbCoh(X)
with Ext<0(E,E) = 0, which is an algebraic stack locally of finite type
(cf. [Lie06]). The same arguments as in [Tod08b] easily imply that we have
the open substack
Obj(pBµf∗ω) ⊂M
which parametrizes all the objects E ∈ pBµf∗ω. It decomposes into the con-
nected components
Obj(pBµf∗ω) =
∐
v∈pΓµ
f∗ω
Objv(pBµf∗ω)
where Objv(pBµf∗ω) parametrizes objects E ∈ pBµf∗ω with v(E) = v. By
Lemma 2.18, Objv(pBµf∗ω) is an algebraic stack of finite type.
Recall that the stack theoretic Hall algebra H(pBµf∗ω) of pBµf∗ω is Q-
spanned by the isomorphism classes of the symbols (cf. [Joy08, Section 2.2])
[X ρ→ Obj(pBµf∗ω)]
where X is an algebraic stack of finite type with affine geometric stabilizers
and ρ is a 1-morphism. The relation is generated by
[X ρ→ Obj(pBµf∗ω)] ∼ [Y
ρ|Y→ Obj(pBµf∗ω)] + [U
ρ|U→ Obj(pBµf∗ω)](35)
where Y ⊂ X is a closed substack and U := X \ Y. There is an associative
∗-product on H(pBµf∗ω) based on the Ringel-Hall algebras. Let Ex(pBµf∗ω)
be the stack of short exact sequences 0 → E1 → E3 → E2 → 0 in pBµf∗ω
and pi : Ex(pBµf∗ω) → Obj(pBµf∗ω) the 1-morphism sending E• to Ei. The
∗-product on H(pBµf∗ω) is given by
[X1 ρ1→ Obj(pBµf∗ω)] ∗ [X2
ρ2→ Obj(pBµf∗ω)] = [X3
ρ3→ Obj(pBµf∗ω)]
where (X3, ρ3 = p3 ◦ (ρ′1, ρ′2)) is given by the following Cartesian diagram
X3
(ρ′1,ρ
′
2)

Ex(pBµf∗ω)
(p1,p2)
p3 Obj(pBµf∗ω)
X1 × X2
(ρ1,ρ2)Obj(pBµf∗ω)×2.
The unit element is given by
1 = [SpecC→ Obj(pBµf∗ω)] ∈ H(pBµf∗ω)
which corresponds to 0 ∈ Bµf∗ω. The algebra H(pBµf∗ω) is pΓµf∗ω-graded: it
decomposes as
H(pBµf∗ω) =
⊕
v∈pΓµ
f∗ω
Hv(
pBµf∗ω)
such thatHv(
pBµf∗ω)∗Hv′(pBµf∗ω) ⊂ Hv+v′(pBµf∗ω). The componentHv(pBµf∗ω)
is Q-spanned by the elements of the form [X ρ→ Objv(pBµf∗ω)].
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We consider the following completion of H(pBµf∗ω)
Ĥ(pBµf∗ω) :=
∏
v∈pΓµ
f∗ω
Hv(
pBµf∗ω).
By Corollary 2.19, the ∗-product on H(pBµf∗ω) extends to the ∗-product on
Ĥ(pBµf∗ω). Moreover for any γ ∈ Ĥ(pBµf∗ω) with zero H0(pBµf∗ω)-component,
the following elements are well-defined:
exp(γ), log(1 + γ), (1 + γ)−1 ∈ Ĥ(pBµf∗ω).
For a subcategory C ⊂ pBµf∗ω, suppose that there are constructible subsets
Objv(C) ⊂ Objv(pBµf∗ω) whose closed points correspond to objects E ∈ C
with v(E) = v. By the relation (35), we are able to define the following
element:
δC :=
∑
v∈pΓµ
f∗ω
[Objv(C) ⊂ Objv(pBµf∗ω)] ∈ Ĥ(pBµf∗ω).(36)
By [Joy07, Section 5.2], there is a Lie subalgebra ĤLie(pBµf∗ω) of Ĥ(pBµf∗ω),
consisting of elements called virtual indecomposable objects. It contains ele-
ments of the form [X ρ→ Obj(pBµf∗ω)] with X a C∗-gerbe over an algebraic
space. Moreover, it also contains the elements of the form
ǫC := log δC ∈ ĤLie(pBµf∗ω).(37)
3.2. Integration map. Let χ be the pairing on pΓµf∗ω, given by
χ(v1, v2) = D2β1 −D1β2 − 1
2
c1(X)D1D2(38)
where we write vi = (Di, βi, ni). Note that χ is anti-symmetric if either D1
or D2 or c1(X) is zero. Let us take Ei ∈ pBµf∗ω with v(Ei) = vi. If D1 or D2
or c1(X) is zero, we have the equality
χ(v1, v2) = dimHom(E1, E2)− dimExt1(E1, E2)(39)
+ dimExt1(E2, E1)− dimHom(E2, E1)
by the Riemann-Roch theorem and the Serre duality.
Let ν be a locally constructible function on M, satisfying the following
assumption:
Assumption 3.1. The function ν is one of the following:
• ν is Behrend function [Beh09] on the algebraic stack M (cf. [JS12,
Proposition 4.4]), denoted by χB. In this case, we always assume
that X is a Calabi-Yau 3-fold, i.e. KX = 0 and H
1(OX) = 0.
• ν ≡ 1. In this case, X is an arbitrary smooth projective 3-fold.
We define Ĉ(pΓµf∗ω) to be
Ĉ(pΓµf∗ω) :=
∏
v∈pΓµ
f∗ω
Q · cv
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with bracket [cv1 , cv2 ]ν given by
[cv1 , cv2 ]ν := (−1)ǫ(v1,v2)χ(v1, v2)cv1+v2 .(40)
Here ǫ(v1, v2) = χ(v1, v2) if ν = χB, and ǫ(v1, v2) = 0 if ν ≡ 1. Let
pΓ0 ⊂ pΓµf∗ω be the subset of (D,β, n) with D = 0. Note that pΓ0 is the set
of Mukai vectors of objects in pPer0(X/Y )[−1], and it is independent of µ
and ω. For three elements cv1 , cv2 , cv3 in
pΓµf∗ω, the bracket (40) satisfies the
Leibniz rule if two of vi are contained in
pΓ0, or c1(X) = 0. By Lemma 2.19,
the bracket (40) defines the well-defined bracket on Ĉ(pΓµf∗ω).
The same arguments of [JS12, Theorem 5.12], [Joy07, Theorem 6.12] show
that there is a Q-linear homomorphism called integration map
Πν : ĤLie(pBµf∗ω)→ Ĉ(pΓµf∗ω)
such that if X is a C∗-gerbe over an algebraic space X ′, we have
Πν([X ρ→ Objv(pBµf∗ω)]) =
(∑
k∈Z
k · χ(ν−1(k))
)
cv(41)
where χ(∗) on the RHS is taken for the constructible subsets in X ′. Let us
take γi ∈ ĤLie(pBµf∗ω) ∩Hvi(pBµf∗ω) with i = 1, 2, and suppose that one of
vi is contained in
pΓ0, or c1(X) = 0. Moreover if ν = χB, suppose that γi is
written as
γi =
∑
j
ai,j[Xi,j ρi,j→ Objvi(pBµf∗ω)]
with ai,j ∈ Q such that for any closed point x ∈ Xi,j, the object in pBµf∗ω
corresponding the point ρi,j(x) is a sheaf. Then together with (39) and As-
sumption 3.1, the arguments of [JS12, Theorem 5.12] for ν = χB and [Joy07,
Theorem 6.12] for ν ≡ 1 show that
Πν [γ1, γ2]ν = [Π
ν(γ1),Π
ν(γ2)]ν .(42)
Remark 3.2. By [JS12, Theorem 5.5], the condition that ρi,j(x) corresponds
to a sheaf implies that the stack Obj(pBµf∗ω) is analytic locally at ρi,j(x)
written as a critical locus of a holomorphic Chern Simons function. This
property is required to show (42) in the proof of [JS12, Theorem 5.12].
3.3. Donaldson-Thomas type invariants. Let Cµf∗ω ⊂ pBµf∗ω be the sub-
category in Lemma 2.15, and consider the element (37) for C = Cµf∗ω. We
define the DT type invariant which depends on a choice of ν in Assump-
tion 3.1 as follows:
Definition 3.3. For v ∈ pΓµf∗ω, we define DTνf∗ω(v) ∈ Q by the following
formula:
Πν(ǫCµ
f∗ω
) =
∑
v∈pΓµ
f∗ω
(−1)ǫ(ν)DTνf∗ω(v) · cv .(43)
Here ǫ(ν) = 1 if ν = χB and ǫ(ν) = 0 if ν ≡ 1.
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Remark 3.4. It is obvious that DTνf∗ω(v) does not depend on a choice
of p. Alternatively, the invariant DTνf∗ω(v) can be defined by applying the
integration map to the element ǫCµ
f∗ω
in the Hall algebra of Coh≤2(X), as
in [JS12]. When ν = χB, the invariant DT
ν
f∗ω(v) is the generalized DT
invariant DTf∗ω(v) in Theorem 1.1.
Remark 3.5. Let Mf∗ω(v) be the moduli stack of µˆf∗ω-semistable sheaves
E ∈ Coh≤2(X) with v(E) = v. If any [E] ∈ Mf∗ω(v) is µˆf∗ω-stable then
Mf∗ω(v) is the C∗-gerbe over a projective scheme Mf∗ω(v). Indeed, the
stack Mf∗ω(v) coincides with the stack of f∗ω + εH-Gieseker semistable
sheaves with Mukai vector v for 0 < ε ≪ 1, consisting of only f∗ω + εH-
Gieseker stable sheaves. Since f∗ω + εH is ample for 0 < ε ≪ 1, the
coarse moduli space of Mf∗ω(v) is constructed by GIT quotient (cf. [HL12,
Section 4]). By (41), the invariant DTνf∗ω(ω) coincides with the ν-weighted
Euler characteristic of Mf∗ω(v) up to sign. For instance, this is the case if
v = (P, β, n) and P does not decompose into P1 + P2 for effective divisor
classes Pi.
For n ∈ Z and β ∈ H2(X/Y ) with β ≥ 0, there is another invariant
Nνn,β ∈ Q(44)
defined to be the DT type invariant counting µH -semistable sheaves F ∈
Coh0(X/Y ) satisfying
(ch2(F ), ch3(F )) = ([F ], χ(F )) = (β, n).
Here the µH -stability on Coh0(X/Y ) is defined in Subsection 2.2, and ν is
either ν = χB or ν ≡ 1 on the moduli stack of objects in Coh0(X/Y ) as
in Assumption 3.1. We refer to [JS12, Subsection 6.4], [Tod10, Proposition-
Definition 5.7], [Toda, Section 2.3] for details. In our situation, the invariant
(44) for n ≤ 0 and β > 0 can be defined in the following way. For µ′ ∈ Q≤0,
let Cµ′H ⊂ −1F be the subcategory consisting of µH -semistable sheaves F
with µH(F ) = µ
′ which makes sense by Lemma 2.5. Then Nνn,β is defined
by
Πνǫ
Cµ
′
H
=
∑
n/H·β=µ′
(−1)ǫ(ν)Nνn,β · c(0,β,n).(45)
The invariant (44) is known to be independent of H (cf. [JS12, Theo-
rem 6.16]). By convention, we set Nνn,β = N
ν
−n,−β for β ≤ 0. The invariant
(44) satisfies the following relation (cf. [Tod13b, Lemma 5.1])
Nνn,β = N
ν
−n,−β = N
ν
−n,β.(46)
We have the following lemma:
Lemma 3.6. We have the following identities:
Πν(ǫ0F ) =
∑
n<0,β>0,f∗β=0
(−1)ǫ(ν)Nνn,β · c(0,β,n)(47)
Πν(ǫ−1F ) =
∑
n≤0,β>0,f∗β=0
(−1)ǫ(ν)Nνn,β · c(0,β,n).
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Proof. We prove the second identity. By Lemma 2.5, the existence of Harder-
Narasimhan filtrations with respect to the µH -stability yields
δ−1F =
−→∏
µ′≤0
δ
Cµ
′
H
.
In the RHS, we take the product with the decreasing order of µ′. We refer
to [Joy08, Theorem 5.11] for details of the above product formula. We
take the logarithm of both sides and apply the integration map. Since
χ(v1, v2) = 0 for vi ∈ −1Γ0, the property of the integration map (42) shows
that
Πν(ǫ−1F ) =
∑
µ′≤0
Πν(ǫ
Cµ
′
H
).
By (45), we obtain the desired identity. 
3.4. Flop formula. In this subsection, we describe the flop transformation
formula of the invariants DTνf∗ω(v) in terms of the invariants N
ν
n,β.
Proposition 3.7. We have the following identity in Ĥ(pBµf∗ω):
δpBµ
f∗ω
= δpF ∗ δCµ
f∗ω
∗ δpT [−1].(48)
Proof. The equality (48) follows from Proposition 2.16, Lemma 2.17 and the
same argument of [Joy08, Theorem 5.11]. 
Lemma 3.8. We have the following identity in Ĥ(pBµf∗ω):
δpF ∗ δCµ
f∗ω
∗ δ−1pF = δpBµf∗ω ∗ δ
−1
pPer0(X/Y )[−1]
.(49)
Proof. The equality (49) follows from (48) and δpF ∗δpT [−1] = δpPer0(X/Y )[−1],
where the last equality follows from (16). 
For v ∈ pΓµf∗ω, we define the invariant pD̂T
ν
f∗ω(v) ∈ Q by
Πν log
(
δpBµ
f∗ω
∗ δ−1pPer0(X/Y )[−1]
)
=
∑
v∈pΓµ
f∗ω
pD̂T
ν
f∗ω(v) · cv .(50)
For a fixed divisor class P ∈ H2(X), we set
DTν,µf∗ω(P ) :=
∑
(P,−β,−n)∈pΓµ
f∗ω
DTνf∗ω(P,−β,−n)qntβ
pD̂T
ν,µ
f∗ω(P ) :=
∑
(P,−β,−n)∈pΓµ
f∗ω
pD̂T
ν
f∗ω(P,−β,−n)qntβ.
For a curve class β, we set 〈P, β〉 ∈ Z to be
〈P, β〉 :=
{
(−1)P ·β−1P · β, ν = χB
P · β, ν ≡ 1.(51)
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Proposition 3.9. We have the following formulas:
0D̂T
ν,µ
f∗ω(P ) =
∏
n>0,β>0
f∗β=0
exp
(
Nνn,βq
nt−β
)〈P,β〉 ·DTν,µf∗ω(P )
−1D̂T
ν,µ
f∗ω(P ) =
∏
n≥0,β>0
f∗β=0
exp
(
Nνn,βq
nt−β
)〈P,β〉 ·DTν,µf∗ω(P ).
Proof. By the arguments so far, we have the following identities:∑
v∈pΓµ
f∗ω
pD̂T
ν
f∗ω(v) · cv = Πν log
(
δpBµ
f∗ω
∗ δ−1pPer0(X/Y )[−1]
)
= Πν log
(
δpF ∗ δCµ
f∗ω
∗ δ−1pF
)
= Πν log
(
exp (ǫpF ) ∗ exp
(
ǫCµ
f∗ω
)
∗ exp (−ǫpF )
)
=
∑
m≥0
1
m!
Ad×mΠνǫpF
(
ΠνǫCµ
f∗ω
)
.
Here the first equality is (50), the second equality is (49), the third equality
is (37), and the last equality follows from (42) and the Baker-Campbell-
Hausdorff formula. We note that we are able to apply (42) since the objects
in pF and Cµf∗ω are sheaves. For instance, suppose that p = 0 and ν = χB.
Using (43) and (47), we obtain the following equality
0D̂T
ν
f∗ω(P, β, n) =
∑
m≥0
1
m!
∑
β0+β1+···+βm=β,
n0+n1+···+nm=n,
βi>0,f∗βi=0,ni<0,1≤i≤m
m∏
i=1
(−1)P ·βi−1(P · βi)Nνni,βi · DTνf∗ω(P, β0, n0).
Using (46), the desired formula follows from the above equality. The other
cases are similarly discussed. 
We define the following generating series:
DTνf∗ω(P ) :=
∑
µ∈Q
DTν,µf∗ω(P ).(52)
Let ψ0 and ψ1 be the linear functions given in Lemma 2.7. The following
theorem is the main result of this subsection:
Theorem 3.10. We have the following formula:
φ∗DT
ν
f∗ω(P ) = q
ψ0(P )tψ1(P )DTνf†∗ω(φ∗P )
·
∏
n>0,β†>0
f†∗β
†=0
exp
(
Nνn,β†q
ntβ
†
)〈φ∗P,β†〉 ∏
n≥0,β†>0
f†∗β
†=0
exp
(
Nνn,β†q
nt−β
†
)〈φ∗P,β†〉
.
Here β† in the RHS are elements of H2(X
†/Y ), and φ∗ is the variable change
(n, β) 7→ (n, φ∗β).
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Proof. By Lemma 2.14, there is an isomorphism of algebras
ΦH∗ : Ĥ(
0Bµf∗ω)
∼=→ Ĥ(−1Bµf†∗ω).
By the commutative diagram (20), we have the commutative diagram
ĤLie(0Bµf∗ω)
ΦH∗
Πν
ĤLie(−1Bµf†∗ω)
Πν
Ĉ(0Γ
µ
f∗ω)
ΦC∗
Ĉ(−1Γ
µ
f†∗ω).
Here ΦC∗ sends cv to cΦ∗v. Moreover we have
ΦH∗
(
δ0Bµ
f∗ω
)
= δ−1Bµ
f†∗ω
, ΦH∗
(
δ0Per0(X/Y )[−1]
)
= δ−1Per0(X†/Y )[−1].
Therefore we obtain the equality
ΦC∗ Π
ν log
(
δ0Bµ
f∗ω
∗ δ−10Per0(X/Y )[−1]
)
= Πν log
(
δ−1Bµ
f†∗ω
∗ δ−1−1Per0(X†/Y )[−1]
)
.
Using Lemma 2.7, the above equality implies
φ∗
0D̂T
ν,µ
f∗ω(P ) = q
ψ0(P )tψ1(P ) · −1D̂Tν,µf†∗ω(φ∗P ).(53)
The desired formula follows from the above equality and Proposition 3.9,
together noting that
φ∗
∏
n>0,β>0
f∗β=0
exp
(
Nνn,βq
nt−β
)〈P,β〉
=
∏
n>0,β†>0
f†∗β
†=0
exp
(
Nνn,β†q
ntβ
†
)−〈φ∗P,β†〉
.
Here we have set β† = −φ∗β ∈ H2(X†/Y ), which is effective by Lemma 2.8.
We have also used the fact Nνn,β = N
ν
n,β†
by [Tod13b, Theorem 5.6], and
〈P, β〉 = −〈φ∗P, β†〉 by Lemma 2.8. 
3.5. Parabolic stable pairs. The error term of the formula in Theo-
rem 3.10 is described in terms of invariants counting parabolic stable pairs,
introduced in [Tod14]. Let H be an f -ample effective divisor in X, which
intersects with Ex(f) transversally. Recall that there is the µH -stability on
Coh0(X/Y ) given in Subsection 2.2.
Definition 3.11. An H-parabolic stable pair consists of (F, s), where F ∈
Coh0(X/Y ) and s ∈ F ⊗OH , satisfying the following conditions:
• F is a one dimensional µH-semistable sheaf.
• For any surjection π : F ։ F ′ with µH(F ) = µH(F ′), we have (π ⊗
OH)(s) 6= 0.
For β ∈ H2(X/Y ) and n ∈ Z, let MparH (β, n) be the moduli space of
parabolic stable pairs (F, s) with [F ] = β and χ(F ) = n. The moduli space
MparH (β, n) is a projective scheme, which represents the functor of families
of above parabolic stable pairs (cf. [Tod14, Theorem 1.2]).
Remark 3.12. In [Tod14], we assumed the ampleness of H. However since
any F ∈ Coh≤1(X) with [F ] = β ∈ H2(X/Y ) is an object in Coh0(X/Y ),
the f -ampleness of H is enough to prove the existence of MparH (β, n).
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As in Assumption 3.1, let ν be a constructible function on MparH (β, n)
which is either ν = χB or ν ≡ 1. The associated invariant of parabolic
stable pairs is defined similarly to the DT theory:
Definition 3.13. For β ∈ H2(X/Y ) and n ∈ Z, we define the invariant
ParνH(β, n) ∈ Z to be
ParνH(β, n) :=
∑
k∈Z
k · χ(ν−1(k)).
We note that, contrary to the invariants Nνn,β, the invariants Par
ν
H(β, n)
are always integers. However they are related as follows: for µ ∈ Q, let us
set
Parν,µH (q, t) := 1 +
∑
n
β·H
=µ
f∗β=0,β>0
ParνH(β, n)q
ntβ.
Then we have the following identity (cf. [Tod14, Theorem 4.12])
Parν,µH (q, t) =
∏
n
β·H
=µ
f∗β=0,β>0
exp
(
Nνn,βq
ntβ
)〈H,β〉
.(54)
For a divisor class P on X, it is either f -ample, f -trivial, or f -anti ample by
the definition of a flopping contraction. We set s = 1 in the first case, s = 0
in the second case and s = −1 in the last case. By the f -relative base point
free theorem, there is an f -ample effective divisor H on X which intersects
with Ex(f) transversally such that P · β = sH · β for any β ∈ H2(X/Y ).
This implies that
{Parν,µH (q, t)}s =
∏
n
β·H
=µ
f∗β=0,β>0
exp
(
Nνn,βq
ntβ
)〈P,β〉
.
Therefore we obtain the following corollary of Theorem 3.10:
Corollary 3.14. In the same situation of Theorem 3.10, there is an f †-
ample effective divisor H† on X† which intersects with Ex(f †) transversally,
and s ∈ {1, 0,−1} such that the following identity holds:
φ∗DT
ν
f∗ω(P ) = q
ψ0(P )tψ1(P )DTνf†∗ω(φ∗P )
·
 ∏
µ∈Q>0
Parν,µ
H†
(q, t)
∏
µ∈Q≥0
Parν,µ
H†
(q, t−1)

s
.
Here s is determined by φ∗P · β† = sH† · β† for any β† ∈ H2(X†/Y ).
3.6. Computation of the error term. From this subsection until the
end of this section, we assume that f contracts only an irreducible rational
curve C ⊂ X to a point p ∈ Y . We compute the error term of the formula in
Corollary 3.14 under the above assumption. Let H be an effective f -ample
divisor on X which intersects with C transversally. As in Subsection 2.1,
we denote by l the scheme theoretic length of f−1(p) at the generic point of
C, and nj for j ∈ Z≥1
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Lemma 3.15. If ν = χB, we have the following formula
4 for m ≥ 1:
Nνn,m[C] =
∑
k≥1,k|(n,m)
nm/k
k2
.
Proof. The invariant Nνn,m[C] for m > 0 depends only on the formal comple-
tion (13) as any object which contributes to Nνn,m[C] is supported on C. The
moduli space of Joyce-Song [JS12] stable pairs (OX̂ → F (aH)) for a ≫ 0
on X̂ is a projective scheme if [F ] = m[C], since the latter condition im-
plies that F is supported on C. Hence the same argument of [JS12] shows
that Nνn,m[C] is invariant under the deformation (14) of X̂. Let Cj,k ⊂ X̂t
be (−1,−1)-curves as in Subsection 2.1. The invariance of Nνn,β under the
deformation (14) yields
Nνn,m[C] =
∑
∑
1≤j≤l,1≤k≤nj
jmj,k=m
Nνn,
∑
1≤j≤l,1≤k≤nj
mj,k[Cj,k ]
.
The invariant Nνn,
∑
1≤j≤l,1≤k≤nj
mj,k [Cj,k]
in the RHS is non-zero only ifmj,k 6=
0 for only one (j, k) since Cj,k are disjoint, and we have j|m, mj,k = m/j
for such (j, k). Since Cj,k is a (−1,−1)-curve, the computation in [JS12,
Example 6.2] shows that Nνn,mj,k[Cj,k] is non-zero only if mj,k|n, and it equals
to 1/m2j,k = j
2/m2 in this case. Therefore we obtain
Nνn,m[C] =
∑
j≥1,j|m,(m/j)|n
nj
j2
m2
.
By putting k = m/j, we obtain the desired identity. 
Proposition 3.16. If ν = χB, we have the following formula:
Parν,µH (q, t) =
∏
1≤j≤l,
n
j(H·C)
=µ
(
1− (−1)jH·CqntjC)jnj(H·C) .
Proof. By [Tod14, Proposition 4.5], the invariants Nνn,β satisfy the following
multiple cover formula
Nνn,β =
∑
k∈Z≥1,k|(n,β)
1
k2
Nν1,β/k(55)
if and only if we have the following formula:
Parν,µH (q, t) =
∏
j≥1,
n
j(H·C)
=µ
(
1− (−1)j(H·C)qntjC
)jNν
1,j[C]
(H·C)
.(56)
By Lemma 3.15, Nν1,j[C] = nj (which also holds from [Kat08]), and the
identity (55) holds for any β = j[C] with j > 0. Therefore we obtain the
desired formula. 
4We warn the readers not to confuse the use of ‘n’ in the formula. The ‘n’ without
subscript stands for the third Chern character of a sheaf, while ‘n′m/k stands for the
integers in Definition 2.3.
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3.7. Proof of Theorem 1.1. The following theorem, which proves Theo-
rem 1.1, is the main result in this section:
Theorem 3.17. Suppose that ν = χB. Then we have the following formula:
DTνf†∗ω(φ∗P ) = φ∗DT
ν
f∗ω(P )
·
l∏
j=1
{
ijP ·C−1η(q)−1ϑ1,1(q, ((−1)φ∗P t)jC†)
}jnjP ·C
.
Proof. By Proposition 2.10, Corollary 3.14 and Proposition 3.16, we have
φ∗DT
ν
f∗ω(P ) = q
−
∑l
j=1 jnj(P ·C)/12t−
∑l
j=1 j
2nj(P ·C)C†/2DTνf†∗ω(φ∗P )
·
l∏
j=1
∏
n>0
(1− (−1)j(H†·C†)qntjC†)
∏
n≥0
(1− (−1)j(H†·C†)qnt−jC†)

sjnj(H†·C†)
.
The result of Theorem 1.1 follows from the above identity together with
φ∗P ·C† = sH† ·C† = −P ·C by Lemma 2.8, and the Jacobi triple product
ϑ1,1(q, t) = iq
1
12 t
1
2 η(q)(1 − t−1)
∏
n≥1
(1− qnt)(1 − qnt−1).(57)

Remark 3.18. If l = 1, then n1 = n where n is the width of C, and we
obtain the following formula:
DTνf†∗ω(φ∗P ) = φ∗DT
ν
f∗ω(P ) ·
{
iP ·C−1η(q)−1ϑ1,1(q, ((−1)φ∗P t)C†)
}nP ·C
.
Remark 3.19. If we take the generating series (52) w.r.t. the Chern char-
acters (not Mukai vectors), then the error term in Theorem 3.17 is further
multiplied by some monomial in q, t, which is not a Jacobi form. This in-
dicates that taking the generating series w.r.t. the Mukai vectors is crucial
in order to obtain the modularity of the generating series.
3.8. Euler characteristic version. We next treat the case ν ≡ 1. In this
case, the invariant Nνn,β is not deformation invariant and its computation is
more subtle. We focus on the case of l = 1, and let n be the width of C. We
take a smooth divisor Ĥ in X̂ such that Ĥ ∩C consists of one point, which
always exist. Also we set the polynomial fn(x) to be
fn(x) := 1 + x+ · · ·+ xn.(58)
We have the following lemma:
Lemma 3.20. In the above situation, we have Parν,µ
Ĥ
(q, t) = 1 unless µ ∈ Z.
If µ ∈ Z, we have
Parν,µ
Ĥ
(q, t) = fn(q
µtC
†
).
Proof. Let F ∈ Coh0(X/Y ) be a µĤ -semistable sheaf with [F ] = m[C]
for m ≥ 1, and F1, · · · , Fe the µĤ -stable factors of F . Then each Fi isOf−1(p) = OC-module, hence isomorphic to OC(ki) for some ki ∈ Z. Since
µ
Ĥ
(F ) = µ
Ĥ
(Fi) = ki + 1, the integer ki is independent of i, and µĤ(F ) is
an integer. This implies that Parν,µ
Ĥ
(q, t) = 1 unless µ ∈ Z.
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Suppose that µ ∈ Z. It is enough to show that Parν
Ĥ
(mC,mµ) equals to
one for 1 ≤ m ≤ n, and zero otherwise. Applying ⊗O
X̂
(−µĤ), we have
Parν
Ĥ
(mC,mµ) = Parν
Ĥ
(mC, 0), so we may assume that µ = 0. Let (F, s)
be a Ĥ-parabolic stable pair on X̂ with ([F ], χ(F )) = (m[C], 0). Then by
the above argument, we have F ∈ 〈OC(−1)〉ex. We first show that F must
be indecomposable. Indeed suppose that F decomposes as F1 ⊕ F2 with
Fi 6= 0, and write s = (s1, s2) with si ∈ Fi ⊗ OĤ . We choose surjections
πi : Fi ։ OC(−1), and set s′i = πi(si) ∈ OC(−1) ⊗ OĤ ∼= C. By the
parabolic stability, we have (s′1, s
′
2) ∈ C2 \ {0}. Then the composition
π : F1 ⊕ F2
(π1,π2)
։ OC(−1)⊕2
(s′2,−s
′
1)
։ OC(−1)
satisfies (π ⊗ OĤ)(s) = 0, which contradicts to the parabolic stability of
(F, s). Hence F is indecomposable.
Next we classify indecomposable objects in 〈OC(−1)〉ex. The derived
category Db Coh(X̂) is known to be equivalent to the derived category of
finitely generated right modules over the completion of the path algebra A
of the quiver of the form (cf. [DW, Example 3.10])
◦y2 a2
a1
•
b1
b2
y1(59)
with relations given by y1ai = aiy2, y2bi = biy1, 2y
n
1 = a1b1−a2b2 and 2yn2 =
b1a1 − b2a2. Under the above derived equivalence, the category 〈OC(−1)〉ex
is equivalent to the subcategory of modA generated by a simple object
corresponding to one of the vertex in (59), say •. Hence 〈OC(−1)〉ex is
equivalent to mod (C[y1]/(y
n
1 )). The indecomposable objects in the latter
category consist of C[y1]/(y
m
1 ) with 1 ≤ m ≤ n, hence ParνĤ(mC, 0) = 0 for
m > n.
Suppose that 1 ≤ m ≤ n, and F ∈ 〈OC(−1)〉ex corresponds to C[y1]/(ym1 ).
Let π′ : F ։ F ′ be the quotient corresponding to the surjection C[y1]/(y
m
1 )։
C. Then π′ factors through any quotient F ։ F ′′ in 〈OC(−1)〉ex, hence
(F, s) is a parabolic stable pair if and only if 0 6= (π′ ⊗ OĤ)(s) ∈ C. Since
F ⊗ O
Ĥ
∼= Cm, the set of such parabolic stable pairs is identified with
C∗ × Cm−1. On the other hand, Aut(F ) is isomorphic to Aut(C[y1]/(ym1 ))
in mod(C[y1]/(y
n
1 )), and the latter group consists of 1 7→ a0 + a1y1 + · · · +
am−1y
m−1
1 with ai ∈ C, a0 6= 0. Hence Aut(F ) is isomorphic to C∗ ×Cm−1.
The element (a0, a1, · · · , am−1) ∈ Aut(F ) acts on the above set C∗ × Cm−1
of parabolic stable pairs in the following way:
(b0, b1, · · · , bm−1) 7→
(
a0b0, a0b1 + a1b0, · · · ,
m−1∑
k=0
akbm−1−k
)
.
Hence the action of Aut(F ) on the set of parabolic stable pairs C∗ × Cm−1
is free and transitive. This implies that the moduli space Mpar
Ĥ
(m[C], 0)
consists of one point, hence we have Parν
Ĥ
(mC, 0) = 1 for 1 ≤ m ≤ n. 
We have the following result:
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Theorem 3.21. Suppose that ν ≡ 1 and l = 1. Let n be the width of C,
and fn(x) the polynomial (58). Then we have the following identity:
DTνf†∗ω(φ∗P ) = φ∗DT
ν
f∗ω(P )
·
q n12 tn2C† ∏
m∈Z>0
fn(q
mtC
†
)
∏
m∈Z≥0
fn(q
mt−C
†
)

P ·C
.(60)
Proof. We take a smooth divisor Ĥ† in X̂† such that Ĥ†∩C† consists of one
point. By Proposition 2.10, Theorem 3.10 and (54), we have
φ∗DT
ν
f∗ω(P ) = DT
ν
f†∗ω(φ∗P )
·
(
q
n
12 t
n
2
C†
)−P ·C∏
µ>0
Parν,µ
Ĥ†
(q, t)
∏
µ≥0
Parν,µ
Ĥ†
(q, t−1)

φ∗P ·C†
.
Applying Lemma 2.8 and Lemma 3.20, we obtain the desired result. 
Remark 3.22. Noting that fn(x) =
∏n
j=1(1− ξjx) for ξ = e
2pii
n+1 , (57), and∏n
j=1(−iξ−
j
2 ) = (−1)n, the formula (60) is also written as
DTνf†∗ω(φ∗P ) = φ∗DT
ν
f∗ω ·
n∏
j=1
{
−η(q)−1ϑ1,1(q, ξjtC†)
}P ·C
.
3.9. A version with fixed supports. We can similarly prove a variant
of Theorem 1.1, Theorem 3.21 for DT type invariants counting semistable
sheaves supported on a fixed effective divisor S ⊂ X. We denote by CohS(X)
the subcategory of Coh≤2(X) consisting of sheaves supported on S. We set
Cµ,Sf∗ω to be
Cµ,Sf∗ω := Cµf∗ω ∩ CohS(X).
For v ∈ pΓµf∗ω, we define DTν,Sf∗ω(v) ∈ Q as follows:
Πν
(
ǫ
Cµ,S
f∗ω
)
=
∑
v∈pΓµ
f∗ω
(−1)ǫ(ν)DTν,Sf∗ω(v) · cv .(61)
Similarly to DTνf∗ω(P ), we set
DTν,Sf∗ω(P ) :=
∑
n,β
DTν,Sf∗ω(P,−β,−n)qntβ
for P ∈ H2(X). Note that if S is an irreducible divisor then DTν,Sf∗ω(P ) is
non-zero only if P is a positive multiple of the cohomology class of S. Let
S† ⊂ X† be the strict transform of S, and fn(x) the polynomial as in (58).
We have the following result:
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Theorem 3.23. (i) If ν = χB, we have the following formula:
DTν,S
†
f†∗ω
(φ∗P ) = φ∗DT
ν,S
f∗ω(P )
·
l∏
j=1
{
ijP ·C−1η(q)−1ϑ1,1(q, ((−1)φ∗P t)jC†)
}jnjP ·C
.
(ii) If ν ≡ 1 and l = 1, let n be the width of C, and set ξ = e 2piin+1 . We
have the following formula:
DTν,S
†
f†∗ω
(φ∗P ) = φ∗DT
ν,S
f∗ω(P )
·
q n12 tn2C† ∏
m∈Z>0
fn(q
mtC
†
)
∏
m∈Z≥0
fn(q
mt−C
†
)

P ·C
.(62)
Proof. Let pBµ,Sf∗ω ⊂ pBµf∗ω be the subcategory consisting of objects E ∈
pBµf∗ω such that E|X\Ex(f) is supported on S. It is easy to check that pBµ,Sf∗ω
is an abelian subcategory of pBµf∗ω. We claim that the following equality
holds in Ĥ(pBµf∗ω):
δpBµ,S
f∗ω
= δpF ∗ δCµ,S
f∗ω
∗ δpT [−1].(63)
Similarly to Proposition 3.7, it is enough to show the following: for any
E ∈ pBµ,Sf∗ω, if we take a filtration (30), then F2 ∈ Cµ,Sf∗ω holds. The condition
E ∈ pBµ,Sf∗ω implies that F2|X\Ex(f) is supported on S. On the other hand,
the sheaf F2 is µˆf∗ω-semistable, hence it is pure two dimensional. Therefore
F2 must be supported on S, which implies F2 ∈ Cµ,Sf∗ω. Hence the equality
(63) holds.
Let Φ be the derived equivalence (18). By Lemma 2.14, it is obvious that
Φ takes 0Bµ,Sf∗ω to −1Bµ,S
†
f†∗ω. Hence we have the equality
ΦH∗ δ0Bµ,S
f∗ω
= δ
−1Bµ,S
†
f†∗ω
.
Therefore the same argument of Theorem 3.10 is applied and we obtain the
following formula:
φ∗DT
ν,S
f∗ω(P ) = q
ψ0(P )tψ1(P )DTν,S
†
f†∗ω
(φ∗P )
·
∏
n>0,β†>0
f†∗β
†=0
exp
(
Nνn,β†q
ntβ
†
)〈φ∗P,β†〉 ∏
n≥0,β†>0
f†∗β
†=0
exp
(
Nνn,β†q
nt−β
†
)〈φ∗P,β†〉
.
Then the computations of the error term in the previous subsections give
the desired result. 
4. Blow-up formula for DT type invariants on canonical line
bundles on surfaces
Let S be a smooth projective surface, and
π : ωS → S
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the total space of the canonical line bundle of S, which is a non-compact
Calabi-Yau 3-fold. The purpose of this section is to compare DT type in-
variants on ωS under a blow-up g : S
† → S at a point p ∈ S. In what follows,
we regard S, S† as subvarieties of ωS, ωS† by the zero sections.
4.1. DT type invariants on canonical line bundles. Let Cohc(ωS) be
the abelian category of coherent sheaves on ωS with compact supports. We
have the following inclusions of abelian subcategories
Coh(S) ⊂ CohS(ωS) ⊂ Cohc(ωS).
For E ∈ Cohc(ωS), we set
ch(π∗E) = (r, l, s) ∈ H0(S)⊕H2(S)⊕H4(S).
Let L be an ample divisor on S. We define the slope µL(E) to be
µL(E) :=
l · L
r
∈ Q ∪ {∞}.
Here we set µL(E) = ∞ if r = 0. The above slope function defines the
µL-stability on Cohc(ωS), which restricts to the usual L-slope stability on
Coh(S). Let Cohc(ωS) be the stack of all the objects in Cohc(ωS). The
stack Cohc(ωS) is an open substack of the algebraic stack of all the objects
in Coh(X) for any projective compactification ωS ⊂ X. Hence Cohc(ωS) is
an algebraic stack locally of finite type. Similarly to Subsections 3.1, 3.2,
we can define the Hall algebra H(Cohc(ωS)) of Cohc(ωS), the Lie subalge-
bra HLie(Cohc(ωS)) of virtual indecomposable objects, and the unweighted
integration map
Πν≡1 : HLie(Cohc(ωS))→
⊕
(r,l,s)∈H∗(S)
Q · c(r,l,s).(64)
For µ ∈ Q, let CµL ⊂ Cohc(ωS) be the substack corresponding to µL-semistable
sheaves E ∈ CohS(ωS) with slope µ. The map (64) extends to appropriate
completions of both sides, and the invariant DTχL(r, l, s) ∈ Q is defined by
Πν≡1(ǫCµL
) =
∑
l·L/r=µ
DTχL(r, l, s) · c(r,l,s).
Remark 4.1. Let ML(r, l, s) be the moduli stack of µL-semistable sheaves
E ∈ CohS(ωS) with ch(π∗E) = (r, l, s). By the same reason of Remark 3.5,
if any [E] ∈ ML(r, l, s) is µL-stable, then ML(r, l, s) is a C∗-gerbe over a
projective scheme ML(r, l, s). The invariant DT
χ
L(r, l, s) coincides with the
naive Euler characteristic of ML(r, l, s).
For (r, l, s) ∈ H∗(S†), we can similarly define the invariant DTχg∗L(r, l, s) ∈
Q by replacing (S,L) by (S†, g∗L) in the above construction.
4.2. Blow-up and 3-fold flop. The following lemma relates a blow-up of
a surface with a 3-fold flop:
Lemma 4.2. There exist smooth projective 3-folds X, X† and a flop dia-
gram (9) satisfying the following conditions:
• Both of the exceptional locus C = Ex(f), C† = Ex(f †) are irreducible
(−1,−1)-curves.
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• There are closed embeddings
i : S →֒ X, i† : S† →֒ X†
such that S∩C consists of one point, the strict transform of S in X†
coincides with S†, and C† ⊂ S† coincides with the exceptional locus
of g : S† → S. Moreover f †(S†) = S, f †|S† = g and kL for k ≫ 0
extends to an ample divisor L′ on Y .
• There are open neighborhoods
S ⊂ X0, S† ⊂ X†0(65)
which are isomorphic to ωS, ωS† respectively, such that the embed-
dings (65) are identified with the zero sections.
Proof. Let C† ⊂ S† be the exceptional locus of g, and mp ⊂ OS be the
ideal sheaf of p. We set U † = ωS† and consider the following commutative
diagram
U † = SpecO
S†
(⊕
k≥0 ω
⊗−k
S†
)
h†
π†
V = SpecOS
(⊕
k≥0m
k
p ⊗ ω⊗−kS
)
π0
S†
g
S.
Here the morphism h† is induced by g∗ω
−k
S†
∼= mkp⊗ω−kS , and it is a birational
morphism. We embed S† into U † by the zero section of π†. It is easy to
check that the curve C† ⊂ S† is a (−1,−1)-curve in U †, which coincides
with the exceptional locus of h†, and h†(C†) is an ordinary double point in
V . Hence h† is a 3-fold flopping contraction. Let h : U → V be the flop of
h†, and C ⊂ U the exceptional locus of h. Note that U and U † are related
by the diagram U ← W → U †, where the left morphism is a blow-up at C,
and the right morphism is a blow-up at C†. Hence the strict transform of
S† in U coincides with S, which intersects with C at p.
We show that U contains an open neighborhood of S which is isomorphic
to ωS. Let us consider the divisor π
†−1(C†) in U †, and its strict transform
D ⊂ U . Note that S ∩D = ∅, and D ∩ C = {q} with p 6= q. We claim that
U \D is isomorphic to ωS, such that S ⊂ U \D is identified with the zero
section. Note that U\D is set theoretically written as π−1(S\{p})⊔(C\{q}),
where π : ωS → S is the projection. We consider the map from U \D to S
by sending x ∈ π−1(S \{p}) to π(x) and x ∈ C \{q} to p. It is easy to check
that this map is a Zariski locally trivial A1-fibration, hence U \D is a total
space of some line bundle L on S. Since L is isomorphic to ωS outside p, it
must be isomorphic to ωS . Hence U \D is isomorphic to ωS .
We consider the P1-bundle over S† given by
π† : X† = P(OS† ⊕ ωS†)→ S†.
Note that X† is a projective compactification of U †. Let E := X†\U † be the
boundary divisor. By the base point free theorem, the divisor kπ†∗g∗L+E
is globally generated for k ≫ 0. The resulting morphism f † : X† → Y is
a birational morphism whose exceptional locus coincides with C†. Hence
f † is a 3-fold flopping contraction and Y is a projective compactification
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of V . By the construction, there is an ample divisor L′ on Y such that
kπ†∗g∗L+ E = f †∗L′, which implies L′|S = kL|S . By taking the flop of f †,
we obtain a desired flop diagram. 
4.3. Blow-up formula. We compare the DT type invariants DTχL(∗) and
DTχg∗L(∗) in Subsection 4.1 using Theorem 3.23 and Lemma 4.2. Let ωS ⊂ X
be a compactification as in Lemma 4.2. By the Grothendieck Riemann-Roch
theorem, an object E ∈ CohS(ωS) satisfies ch(π∗E) = (r, l, s) if and only if
v(E) =
(
rS, i∗
(
l − r
2
KS
)
,
rK2S
12
− KSl
2
+
rχ(OS)
2
+ s
)
in H≥2(X). Hence E ∈ CohS(ωS) is µL-(semi)stable if and only if E ∈
CohS(X) and it is µˆf∗L′-(semi)stable, where L
′ is an ample divisor on Y as
in Lemma 4.2. We have the following identity for ν ≡ 1:
DTχL(r, l, s) = DT
ν,S
f∗L′
(
rS, i∗
(
l − rKS
2
)
,
rK2S
12
− KSl
2
+
rχ(OS)
2
+ s
)
.
Here we have used the notation in Subsection 3.9. Similarly we have the
identity for ν ≡ 1:
DTχg∗L(r, l, s) = DT
ν,S†
f†∗L
(
rS†, i†∗
(
l − rKS†
2
)
,
rK2
S†
12
− KS† l
2
+
rχ(OS†)
2
+ s
)
.
We have the following result:
Theorem 4.3. For fixed r ∈ Z≥1 and l ∈ H2(S), we have the following
formula:
∑
s,a
DTχg∗L(r, g
∗l − aC†,−s)q r12+ a2+sta+ r2
=
∑
s
DTχL(r, l,−s)qs · η(q)−rϑ1,0(q, t)r.
Proof. Let φ : X 99K X† be a flop as in Lemma 4.2. Note that φ∗ : H
4(X)→
H4(X†) takes elements of the form i∗l for l ∈ H2(S) to i†∗g∗l. Noting that
H2(S†) = g∗H2(S) ⊕ Q · [C†] and applying Theorem 3.23 for ν ≡ 1, we
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obtain∑
l,s
DTχL(r, l,−s)q−
rK2S
12
+
KSl
2
−
rχ(OS )
2
+st
g∗
(
−l+
rKS
2
)
= φ∗
∑
l,s
DTν,Sf∗L′
(
rS, i∗
(
l − rKS
2
)
,
rK2S
12
− KSl
2
+
rχ(OS)
2
− s
)
·q−
rK2S
12
+
KSl
2
−
rχ(OS )
2
+st−l+
rKS
2
)
=
∑
l,s,a
DTν,S
†
f†∗L′
(
rS†, i†∗
(
g∗l − aC† − rKS†
2
)
,
rK2
S†
12
− KS†
2
(g∗l − aC†)
+
rχ(OS†)
2
− s
)
· q−
rK2
S†
12
+
K
S†
2
(g∗l−aC†)−
rχ(O
S′
)
2
+st−g
∗l+aC†+
rK
S†
2
· {η(q)−1ϑ1,1(q,−tC†)}−r
=
∑
l,s,a
DTχg∗L(r, g
∗l − aC†,−s)q−
rK2S
12
+
KSl
2
−
rχ(OS )
2
+ r
12
+ a
2
+s
t
g∗
(
−l+
rKS
2
)
+(a+ r2)C
† · η(q)rϑ1,0(q, tC†)−r.
Therefore we obtain the desired result. 
Example 4.4. Suppose that ν ≡ 1 and r = 2. We take a ∈ {0, 1} and set
l˜ = g∗l − aC†. Then the result of Theorem 4.3 shows that∑
s
DTχg∗L(2, l˜,−s)qs+
l˜2
4 = q
1
12
ϑa(q)
η(q)2
∑
s
DTχL(2, l,−s)qs+
l2
4 .
Here ϑa(q) =
∑
k∈Z q
(k+ a2)
2
. The above formula coincides with the blow-up
formula obtained by Li-Qin [LQ99, Theorem A].
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